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Introduction

FOR a given geometry of an airfoil section, potential flow
analysis methods provide surface velocity and pressure

distribution. For multicomponent airfoils, several practical
design methods are based on surface singularity techniques:
Bristow and Gross1 introduce panel methods and demonstrate
very efficient inverse and mixed analysis/design for single and
multicomponent airfoils; Ormsbee and Chen2 use a stream
function method for multielement airfoil design, and Kennedy
and Marsden3 introduce an additional control point a finite
distance from the trailing edge to satisfy the Kutta condition
and reduce panel density. This method is also used as a
starting solution in the design of single airfoils in viscous
incompressible flow by Dutt and Sreekanth4 and for analysis
and design of single airfoils in transonic flow by Greff and
Mantel.5 Conformal mapping techniques have been success-
fully applied by Halsey6 and Saddhov and Hall7 for analysis of
multielement airfoils.

In the present work we use the stream function approach of
Kennedy and Marsden.3 In the design mode, however, we
calculate the actual position of the trailing edge and then use
linear interpolation to determine surface points. In this way it
is possible to avoid generating saw-shaped airfoils that can
result from the propagation of small errors due to selection of
an additional trailing point as the actual trailing edge of the
airfoil. The method is compared with several panel methods in
representative application studies.

Problem Formulation
As the normal velocity at a solid surface is zero, each solid

surface is a streamline of the flow, and on the corresponding
streamline, \l/ is a constant. Thus, for a multiairfoil problem,
the boundary conditions on an airfoil component k can be
written as \l/ = \!/k. For a uniform stream incident at angle a to
the jc-axis we have the boundary integral equation

-^ f y ( S ' ) t n [ r ( S 9 S f ) ds'
Z7T Js

(1)

where \l/k is the unknown stream function on airfoil section k,
y(S') is the vorticity strength at arbitrary point S', r(S,S')
is the distance between points S and S", x(S), y(S) are
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coordinates of the point of interest S, and s,s' are curvilinear
coordinates measured along the airfoil surface starting at the
trailing edge.

To solve Eq. (1), the airfoil surface is divided into TV small
surface elements, and the integral is approximated by summa-
tion of element contributions. For a general discussion see,
e.g., Hess,8 Brebbia,9 and Carey and Kirn.10 Satisfying Eq. (1)
at a control point C/, we obtain

£, 1 y(Sj)k[r(Ci9Sj)] dsj =yci cosa-xa since (2)

Selecting N control points C,, the problem of potential flow
over an airfoil section is reduced to that of solving these N.
simultaneous equations for 7y =7(Sy).

The most immediate result of interest is the velocity dis-
tribution on the airfoil surface. Since the velocity inside the
airfoil is zero, the discontinuity in tangential velocity across a
vortex sheet is equal to the density of the vortex sheet. This
implies that in solving Eq. (2) for y(Sj), we directly obtain the
velocity distribution on the airfoil surface.

In the present application of this method, we assume
straight elements and a constant (or linear) distribution of 7,
over each element. On numerically evaluating the integrals in
Eq. (2), we obtain the system

N
1 \ \T* V E> f i 1 O \T\ f1\rk ' / T/ / / = / v — l,£...jiT/) \3)

J = *

where K^ is the influence coefficient of the element j for
control point / and jR, is the right-hand side evaluated at
control point /. The influence coefficients can be written as

K,j =
+ (4)

M additional equations are determined using the Kutta
condition for each airfoil section: for this purpose we use
an additional control point at the extension of the bisector
of the trailing edge and assume that the streamline through
other control points passes through this point. Thus, with the
Kutta condition enforced, Eq. (3) is expanded to include an
additional M equations for the M airfoil sections:

(5)

Only the right-hand side of the system of Eqs. (3-5) involves
the angle of attack a. Hence, if we want to determine flow at
different angles of attack, it is necessary to determine co-
efficient matrix KJJ once only, and recalculate RI as a function
of the angle of attack. Solution of the system gives us an
approximation to the nondimensional vortex density 7, and
the stream function \£. The pressure coefficient on the airfoil
surface may be obtained from the velocities via the equation

Design Method
In an analysis mode, values of the surface coordinates xi9 yf

are given so that the influence coefficients K^ are uniquely
defined by the airfoil geometry, and the system of Eq. (3) may
be directly solved for the surface velocity distribution 7,.
However, for the airfoil inverse design problem, either values
of surface velocities 7, or pressure distribution are given a
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priori, and an airfoil geometry (XT/, y{) is to be determined. We
approach this as an optimal control problem and apply an
iterative procedure in which the geometry of a starting air-
foil section is gradually modified until the desired velocity
(pressure) distribution is achieved.

Substituting the desired values for stream function i/^ and
velocities yf in Eq. (3) while retaining Kl}from the previous
design iteration allows solution for the geometry of a modified
section. During the iteration process, the x, coordinates are
kept constant and new values of y} calculated. For single-air-
foil design, the value of airfoil stream function $ is arbitrary,
since its effect is only to move the airfoil up or down relative
to the x— y coordinate system. However, in the case of
multicomponent airfoils, the difference in stream functions
between any two components determines the flow through the
slot between the components, and specification of the stream
function values depends on the type of design (i.e., given
geometry of one or more sections, design the other compo-
nents, or design all components).

To start the design process we define an admissible airfoil
shape to generate the initial set of influence coefficients X^..
The influence coefficients for each new iteration are then
calculated using the coordinates obtained from the previous
iteration. For example, at iteration mot the design procedure
at the control points we have

1
cosa

; i = \,2...,N (7)

and at the trailing edge points,

XT (8)

Since the location of the trailing point is very close to the
trailing edge, we may assume that yT is the location of the
actual trailing edge. In this way, after each iteration we have
the location of one point that determines the remaining points
on the airfoil surface. The iteration process terminates if either
of these conditions are met:

max [

or

max m _ /
n. 1 =£72

(9)

(10)

for tolerances rl9 T2. As noted previously, during the design
process the control points of the airfoils are adjusted along
vertical lines xf = const. This implies that there is no adjust-
ment of coordinates parallel to the freestream direction. In
practical applications this limitation may be relaxed because
we have a prescribed chord length and can always employ an
arbitrary x coordinate distribution.

The coordinates yf that are obtained from Eqs. (7) and (8)
are panel control points. Points on the airfoil surface can be
determined by passing a curve through control points and
interpolating or projecting a straight line through the control
points using the trailing point as an actual trailing edge of an
airfoil. In the latter method, however, a small error due to
incorrect location of the trailing edge can propagate during
iteration and produce a "saw-shaped" airfoil that can not
satisfy the required pressure or velocity distribution. In order
to avoid these difficulties, after each iteration we compute the
actual position of the trailing edge using the first and last
control points on the airfoil, the AT coordinate of the trailing
edge of the starting geometry, and the additional trailing
point. In this way we can compute the coefficient matrix K^
more accurately and use the actual trailing edge as a starting
point for determination of the airfoil surface. For example,
using the equation of a straight line through two points Pl
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Fig. 1 Analysis computations for Cp of Williams' configuration.
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Fig. 2 Inverse design results to Williams' configuration from pair of
NACA airfoils as starting configurations.

(the trailing edge) and C, (the first control point), we can
determine location of P2 (the second point on the airfoil
surface), and so on.

Results
Airfoil Analysis
Example: Williams' Configuration at a-0 deg (Fig. 1)

For analysis of multicomponent airfoils, a frequently studied
test case is Williams' configuration with the flap at 10 or 30
deg. In the present example we use this configuration with the
flap at 30 deg. The problem is solved with 41 and 60 panels on
each section. The solution on the flap compares well with the
exact solution, while on the lower surface of the main airfoil,
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Fig. 3 Inverse design results to Williams' configuration with fixed
main airfoil and initial NACA airfoil as flap.

there is a small difference between panel and exact solutions.
The same problem is observed by Seebohm and Newman11

using a linear vortex panel method with quadratic extrapola-
tion of the Kutta condition. The present method gives approx-
imately the same form of solution on the main airfoil but gives
a better solution on the flap.

Airfoil Design
In multicomponent airfoil design, one may wish to consider

1) design of all components, 2) given main airfoil, design other
components, and 3) given flap or slot, design of the main
airfoil. The second case is the most interesting and practical
because of several requirements that should be satisfied in
design of high-lift devices. These requirements are 1) the flap
and/or slot should retract to the main airfoil to form a good
airfoil for cruising flight, 2) the deflection angles should
provide reasonable increase of lift, and 3) the gap between the
main section and the flap should provide enough energy to
push the separation point of the boundary layer as much as
possible toward the trailing edge of the flap.
Example 1: Design of Williams' Configuration with Flap at 30 deg
(Fig. 2)

The required velocity distribution was taken from the exact
solution at ce = 0 deg. The starting geometry was composed
from a NACA 0012 as main section and NACA 0009 as flap
at zero angle of deflection. It is important that the algorithm
not be sensitive to the initial flap angle and spacing, since these
parameters are quickly adjusted by the design process. Since
the x coordinates are not altered during the design process, the
flap chord will change if the flap deflection is different from
the starting deflection. For example, if a particular final flap
chord is desired, we can determine an angle of deflection and
set the starting flap at that angle.

The required surface velocities on both components were
supplied together with stream functions ̂  and \l/2 on the main
section and flap, respectively. Discretization employed 80
elements—40 on each section. The design test case is very
difficult because there is a high velocity peak at the leading
edges of both sections. Very small deviation in coordinates of
the leading edge will cause a change in pressure. It can be seen

that the pressure on the flap is very close to the required
pressure distribution, and that at the leading edge of the flap
the pressure peak is slightly overestimated. On the main sec-
tion we have good agreement in pressure on the upper surface
and at the leading and trailing edges but have underestimated
pressure on the lower surface.
Example 2:

Here we design the same configuration as in the previous
example but use the main William's airfoil and NACA 0009
as starting geometry (Fig. 3). That is, we want to design a
flap with a fixed main airfoil. During the design process the
velocity distribution on the main airfoil is assumed to be un-
known and is replaced by the values computed in the previous
iteration, while the geometry and location of the main section
are held constant. It can be seen that after five iterations the
pressure distribution on the flap is close to the required values,
but there is a big difference in pressure distribution on the
main section. The reason is a relatively slow change of pres-
sure distribution on the flap. Final solution was obtained after
nine iterations and gives good agreement with the pressure
distribution in analysis mode.

Conclusion
Surface singularity methods are well suited to solution of

potential flow problems in inverse design and can handle both
single and multicomponent airfoils. The stream function ap-
proach and iterative control algorithm applied here appear
to be numerically stable and applicable for practical airfoil
design problems. The method provides accurate results in
comparison with other surface singularity methods. For the
cases studied, good results were obtained with 40-60 panels
per airfoil section. The modified approach considered here for
computing the actual position of the trailing edge provides
designed airfoils with smooth shapes. The inverse design
iteration was demonstrated to be efficient and stable for case
studies of single and multi-component airfoils.
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